ABSTRACT Aiming at the chattering problem of conventional sliding mode control systems for dc-dc converters, a quasi-continuous second-order sliding mode (QSOSM) control scheme for buck converters has been presented in the paper. It will be shown that the QSOSM controller is practically a continuous function of the states everywhere except the origin. And thus the chattering problem existing in conventional sliding mode can be practically solved due to the fact that the states cannot be stabilized to the origin from engineering point of view. Theoretical analysis also shows that the closed loop system of the buck converter is globally finite-time stable. Finally, the theoretical considerations have been verified by simulation and experimentation. Specifically, the comparisons between QSOSM controller and PID controller show that the former one provides a better robustness.
I. INTRODUCTION
The Buck converters are widely used in applications, such as mobile power supply equipment, photovoltaic system, DC supply system, etc. With the advantages of simplicity in design and implementation, the linear control strategies like PID control methods still by far play an important role [1] , [2] . However, its disadvantages such as the sensitivity to disturbances and the unsatisfactory robustness, are also obvious [3] , [4] . It is understandable that the conventional linear controllers are based on a linear mathematical model. Under this situation, the effect of disturbances, which is from the Buck converters' nonlinear behavior characteristics, can't be eliminated. Taking the nonlinear factors into consideration, various nonlinear control strategies have also been applied to Buck converters under large signal operating conditions, such as adaptive control [5] , [6] , fuzzy logic control [7] , backstepping [8] , feedback linearization [9] , sliding mode control [10] - [12] , etc. Among these nonlinear control strategies, the sliding mode control (SMC) strategy has been paid much attention.
The design of a sliding mode controller can be summarized as follows [13] - [15] . First of all, construct a sliding mode manifold guaranteeing that the closed loop system will possess a desired performance when the states arrive at the sliding mode manifold. Secondly, design an appropriate sliding mode controller such that the states can reach and be kept on the sliding mode manifold. By following the above two steps, the states will be driven to the equilibrium point along the sliding mode manifold. The major advantages of SMC are the insensitivity to uncertainties, fast dynamic response and simplicity in implementation [16] - [19] . On this basis, a lot of works have introduced the application of SMC to Buck converters, such as [20] - [26] . The general design issues of sliding mode controllers in Buck converters is introduced in [24] - [26] , where the basic design principles for sliding mode controllers are discussed. A proportionalintegral-type hyper-plane sliding mode controller has been designed and implemented for the DC-DC buck converter in [23] , and it is shown that the proposed controller is robust and stable against parameters uncertainties, load disturbance and variations of the converter input voltage. By taking the possible cross-interactions into account, a methodology for the stability analysis of a frequency-controlled sliding mode control is also discussed in [22] . Later, to achieve the faster transient response, a terminal sliding mode (TSM) controller is developed in [20] , where the TSM manifold employs a nonlinear function which ensures that the output voltage error converges to zero in a finite time. Unfortunately, there may be a singular problem in [20] . To solve this problem, the nonsingular TSM controller designed in [21] eliminates the singularity problem which always arises in the terminal sliding mode due to the fractional power.
Different from the aforementioned frist-order sliding mode controllers, the second-order sliding mode (SOSM) is also an effective method for controlling Buck converters. The main SOSM control approaches include twisting [27] , supertwisting [28] , [29] , suboptimal [30] , relay polynomial algorithms [31] , etc. On the basis of these theories, the twisting algorithm controller, which is the simplest SOSM algorithm, has been designed for Buck converter in [32] . However, this controller needs the knowledge of sliding variable s and the sign of its derivativeṡ which degrades the stability of the closed-loop system whenṡ closes zero. Aiming at solving this problem, another SOSM algorithm, suboptimal controller, has been designed for Buck converter in [33] . On the other hand, note that in practice, the control performance of Buck converter with output capacitor equivalent series resistance and inductance (ESR and ESL, respectively) will be significantly degraded. To fix this problem, the modifications in both the controller structure and the switching voltage threshold have been proposed in [34] .
It should be pointed out that all the sliding mode controllers derived above are discontinuous on the sliding mode surface. It implies the most challenging issue for their application is always the chattering problem. The chattering phenomenon may result in a high frequency switching operation which leads to excessive power losses and electromagnetic interference. In many cases, the switching frequency of SMC is restricted by adopting the concepts of hysteresis-modulation (HM) technique. When hysteresismodulation was introduced into the implementation module, the sign function in the discontinuous control is replaced by the hysteresis function. By this means, the SMC is transformed into a finite switching control which offers a region where the switching operation will not occur. Nevertheless, the price is that the dynamical response is slowed down and the disturbance rejection property is partly lost.
To cope with the chattering problem, a QSOSM control scheme is proposed for the regulation problem of Buck converter in the paper. Let the sliding variable be the error between the output voltage and the reference voltage. It can be verified that the relative degree of the sliding variable is two. Then a QSOSM controller with tunable parameters is developed for the voltage regulation problem. Under the proposed controller, it can be proved that the sliding variable will converge to the origin in a finite time, which also implies that the output voltage will track the reference voltage in a finite time. Meanwhile, combining PWM technique with the proposed QSOSM controller, we can obtain a fixed-frequency PWM based implementation method for the proposed control scheme. Simulation and experiment results show the effectiveness of the proposed method. The main contribution of the paper can be summarized as three aspects. First of all, a finite-time SMC method has been proposed such that the sliding variables can be steered to the origin in a finite rather than converge to the origin asymptotically. Secondly, the proposed QSOSM controller is continuous everywhere except for the origin. Note that it is impossible to stabilize the states to the origin in real applications. This also implies that the chattering problem can be eventually reduced from practical point of view. Thirdly, the way how to implement the proposed sliding mode controller based on DSP is also given.
The rest of the paper is organized as follows. Section II briefly presents the model of the buck converter. How to design the QSOSM controller is given in Section III. Section IV shows the numerical and experimental results. Finally, the concluding remarks are given in Section V. 
II. MODELING THE BUCK CONVERTER
Buck converter circuit usually consists of a DC voltage source (V in ), a controllable switch (Sw), a diode (D), an inductor (L), a capacitor (C) and a load resistor (R) properly connected as in Fig. 1 . When the switch Sw is turned on, the operation of the Buck converter can be described as
When the switch Sw is turned off, the operation of the Buck converter can be described as
Combining (1) and (2), we obtain the averaged model as follows
where u is the control input, called duty ratio.
The task here is to design and implement a chattering-free sliding mode controller u such that the output voltage v 0 will well track the reference voltage V ref .
L. Ma et al.: QSOSM Control of Buck Converter

III. QSOSM CONTROLLER DESIGN
To design a QSOSM controller for Buck converter system (3), the first thing is to choose a sliding variable of relative degree two. Define the voltage error s (i.e., the sliding variable) as
where V ref denotes the DC reference output voltage. By (3), the dynamics of the sliding variable s can be expressed ass
To simplify the expression, we denote
For system (5), a QSOSM controller is constructed as
with r 2 = 2r 1 , r 1 ≥ 1 and positive constants β 1 and β 2 satisfying
Remark 1: It can be observed from the structure of controller (7) that the absolute value of the numerator of (7) does not exceed the denominator, which implies the boundedness of the proposed controller. Thus, the right-hand side of (7) is formally not defined at the second-order sliding mode s = s = 0. Since s =ṡ = 0 is a set of the measure 0, the values of u on it do not affect the system behavior [7] .
Then, we have the following result. Theorem 1: Considering the sliding mode dynamics (5), the QSOSM controller (7) provides for the finite-time establishment of second-order sliding mode s ≡ṡ ≡ 0, which implies that the output voltage v 0 of Buck converter system (3) will track the reference voltage V ref in a finite time.
Proof: The sketch of proof can be summarized as three steps. First of all, inspired by [35] , we construct two regions 1 and 2 , and further show that 1 ⊂ 2 . Secondly, we prove that there exists a time instant T 1 such that (s(T 1 ),ṡ(T 1 )) ∈ 1 which also means (s(T 1 ),ṡ(T 1 )) ∈ 2 , and then continue to prove (s(t),ṡ(t)) ∈ 2 , ∀t ≥ T 1 . Finally, we show that the sliding variables will converge to the origin in a finite time when they enter the region 2 .
In the following, we will give the proof in detail.
Step 1: Firstly, we will define two sets 1 and 2 such that 1 ⊂ 2 . Let
with ξ being a fixed constant, β 1 > 0 and r 2 = 2r 1 > 0. By a simple calculation, it can be verified that the following estimation holds for ∀(s,ṡ) ∈ 1 (ξ ),
which directly leads to |ṡ| r 2 ≤ 2β 1 |s| r 1 , ∀(s,ṡ) ∈ 1 (ξ ). This, together with the condition |ψ| ≤ ξ < 1 3 , yields
Define
It is obviously that 1 (ξ ) ⊂ 2 (ξ ). Meanwhile, the set 2 (ξ ) can also be rewritten as
with
Step 2: Next, we will prove that there exists a time instant T 1 such that for ∀t ≥ T 1 , (s(t),ṡ(t)) ∈ 2 .
Define As can be shown in Fig. 2 , the plane has been divided into four parts by the boundary line π + = 0 and π − = 0. It is clear that 2 = A B. VOLUME 6, 2018 There are two possibilities for the initial states. One is the case (s(0),ṡ(0)) ∈ A B = 2 , and the proof is naturally completed. The other is (s(0),ṡ(0)) ∈ C D. In this case, we will prove that the trajectory will further converge to the region 2 by using a contradiction argument. We suppose that the sliding variables will stay in the region C D forever. Under this case, we have (s(t),ṡ(t)) / ∈ 2 for any t ≥ 0. Considering the relationship 1 (ξ ) ⊂ 2 (ξ ), we obtain (s(t),ṡ(t)) / ∈ 1 for any t ≥ 0, which implies |ψ| > ξ for ∀t ≥ 0.
Firstly, we consider the case ψ > ξ, ∀t > 0. Let
Substituting controller (7) into (5) leads tö
with ε = β 2 bξ −ā > 0 guaranteed by (14) . Taking integration on both sides of (15) yieldṡ
Then by (16), one has
Combining (16) and (17), it can be obtained that for ∀t ≥ T * , s andṡ will both be negative. This contradicts the condition ψ > ξ, ∀t > 0. For the case ψ < −ξ, ∀t > 0, the proof is almost the same. Consequently, we concluded that there exist a time instant
Then, we will prove (s(t),ṡ(t)) ∈ 2 , ∀t ≥ T 1 .
We first consider the case (s(T 1 ),ṡ(T 1 )) ∈ B, and the boundary of B can be described as 
For any (s,ṡ) ∈ ∂B + , it is obvious thatṡ < 0 and s > 0. Note that π + = 0 leads to ṡ r 2 = φ + , which also implieṡ
Taking the derivative of π + along system (5) yieldṡ
When (s,ṡ) ∈ ∂B + , substituting (20) into (21) giveṡ
Choosing
one obtains from (22) that for ∀(s,ṡ) ∈ ∂B + ,
On the other hand, when (s,ṡ) ∈ ∂B − , we have
This implies that when (s,ṡ) ∈ ∂B − ,
Taking the derivative of π − along system (5) yieldṡ
+ r 1 β 1 (|s|
It is clear that when (s,ṡ) ∈ ∂B − , one has 
With r 1 = 2r 2 in mind, substituting (31) into (29) leads tȯ
By (24) and (32), it is known from the continuity of π + and π − that the sliding variables will not escape from the region B.
Similarly, following the same lines to obtain (24) and (32), we can also prove that when (s(T 1 ),ṡ(T 1 )) ∈ A, the sliding variables will not escape from the region A. This property implies that when the sliding variables enter the region 2 , they will stay in the region 2 forever. In other words, we have (s(t),ṡ(t)) ∈ 2 .∀t ≥ T 1 .
Step 3: Finally, we will prove that when the sliding variables enter the region 2 they will further converge to the origin in finite time.
When (s(t),ṡ(t)) ∈ B, with s > 0 andṡ < 0 in mind, by the definition of 2 we have |−(−ṡ) r 2 +β 1 s r 1 | ≤ 3ξβ 1 s r 2 , which can be rewritten as [36] that the sliding variable s will be stabilized to the origin in finite time. When (s,ṡ) ∈ A, the proof is similar. Consequently, we conclude that after the sliding variables enter the region 2 , they will be further stabilized to the origin in a finite time.
On the other hand, by (14) , (23) and (30), it can be seen that the parameters of controller (7) should satisfy
with 0 < ξ < 1/3. Any determined ξ implies a choice of parameters. Thus, by (36) , taking a ξ close to 1/3 means that we can choose these parameters as (8) . This completes the proof.
Remark 2: By the definition of 2 (ξ ) in (12), it can be concluded that if ξ closes to zero, the sliding variables will converge to the manifold ṡ r 2 + β 1 s r 1 = 0, which is actually a kind of nonsingular TSM [37] , [38] . For example, if we take r 2 = 2, r 1 = 1, then ṡ 2 + β 1 s = 0 is a standard nonsingular TSM. This also implies that under controller (7) the states will eventually converge to the origin along the sliding mode surface ṡ r 2 + β 1 s r 1 = 0. In addition, it can be clearly seen that the convergence rate is determined by the parameter β 1 . The bigger β 1 yields the faster convergence. The role of β 2 lies in that it determines the stability of the closed loop system. Yet it doesn't mean that we can choose a very big β 2 . This is because the big β 2 may affect the dynamical performance of the closed loop system.
Remark 3: It can be clearly seen from the proof of Theorem 1 that the local finite-time stability of the sliding variables has been tested by using Lyapunov theory [40] . This plus the global convergence implies that the closed loop SMC system is global finite-time stable, while the existing SOSM control algorithms can only provide the global finite-time convergence. The difficulty of the proposed method is how to verify the finite-time stability of the closed loop system.
Remark 4:
The main novelty of the proposed method lies in that the given QSOSM controller is only discontinuous at the origin. It should be noted that the states of the practical systems are impossible to be stabilized to the origin due to the existence of the external disturbances or uncertainties [39] . This implies that the proposed QSOSM controller is continuous from practical point of view.
Remark 5: It will be seen from the subsequent experimental results that there exists a small steady-state error.
Sometimes, it is even larger than the steady-state under PID controller. The steady-state can not be eliminated because of sampling time and the discontinuity of the controller. To obtain the smaller steady-state error, the sampling time can be chosen to be some smaller one. Due to the hardware constraint, the DSP is usually chosen with a clock frequency of 150MHz.
IV. NUMERICAL SIMULATIONS AND EXPERIMENTAL RESULTS
In this section, numerical simulation and experiment results are illustrated to verify the performance of the Buck converter system under the proposed QSOSM controller (7) and the following PID controller
A. NUMERICAL SIMULATIONS
The simulation is carried out in Matlab/Simulink and the sampling time takes 0.01 ms. The specifications of the buck converter are given in Table 1 . From Table 1 , it is obvious that 1 (RC) 2 − 1 LC < 0, which implies the positive constantā proposed in (6) can be selected asā
Noting that b = V in LC , we can rewrite (8) as
which is the guideline for choosing the gains of the QSOSM controller (7) .
In what follows, we will give the comparisons between the proposed QSOSM controller (7) and the traditional PID controller (37) . The control saturation is restricted to be 5v. To make a fair comparison, the parameters can be tuned arbitrarily for the sake of obtaining the best control performance.
We will first show the comparisons about the start-up performance of the closed loop Buck converter system without any load variations. Under the above restrictions, when we choose K p = 0.8, K i = 5, K d = 0.01 and r 1 = 1, r 2 = 2, β 1 = 18, β 2 = 4, the best start-up performance, as can be shown in Fig 3, can be separately obtained under PID controller (37) and QSOSM controller (7) . From Fig. 3 , it can be observed that the two kinds of controllers will achieve good start-up performance. Then, we continue to give the simulation under QSOSM controller (7) and PID controller (37) when the load resistance varies. The parameters of QSOSM controller (7) is unchanged, while the parameters of PID controller (37) is renewed as K p = 1, K i = 8, K d = 0.01 in order to obtain the best disturbance rejection performance. The simulation results are given in Figs. 4-5, where they respectively show the comparisons on the output voltage and inductor current when the load resistance switches from 25 to 50 . From  Fig. 4 , one can see clearly that the QSOSM controller (7) will yield better robust performance than that of PID controller. Meanwhile, by Fig. 5 , we conclude that the PID controller could provide more steady inductor current.
Finally, when the load resistance varies between 50 and 25 , the simulation result on disturbance rejection under different fractional powers is also given in Fig. 6 . One can clearly observe from Fig 6 that the robustness property is almost the same under different choices of the parameter r 1 and r 2 . 
1) EXPERIMENT RESULTS
In this subsection, we will show the experiment results under the proposed QSOSM controller (7) and PID controller (37) . The parameters of the Buck converter is the same as shown in Table 1 and the experimental platform is shown as Fig. 7 . The used power MOSFET is IRF630N and the type of diode D is MBR20100CT. The QSOSM and PID algorithms are implemented by using DSP TMS320F28335. To obtain the best start-up response, the parameters of QSOSM controller (7) and PID controller (37) are selected as β 1 = 10, Fig. 8 and Fig. 9 show the experimental start-up response of the output voltage obtained by QSOSM controller and PID controller, respectively. By collecting the data of Fig. 8 and Fig. 9 , the comparison is also given in Fig. 10 . It can be seen that the proposed QSOSM controller possesses faster dynamical response and smaller overshoot than that of traditional PID controller, although the simulation result given in Fig. 3 shows that both QSOSM controller and PID possesses almost the same dynamical behavior.
To show the best robustness, we have tried several parameters for QSOSM and PID controllers. However, we find that under the precondition of stability, no matter how we tune the parameters, the robustness of the two controllers almost keeps unchanged. To this end, we still take the parameters as Figs. 11 and 12 show the experimental output voltage under QSOSM controller and PID controller for a change in R from 50 to 25 , respectively. To clearly compare the two experimental results, the experimental data from Figs. 11 and 12 has been collected to draw Fig. 13 . It can be observed from Fig. 13 that under load change condition, the output voltage rises by 1.0 V under PID controller while it is almost unchanged under QSOSM controller. Consequently, we conclude that the proposed QSOSM possesses better robustness than the traditional PID controller, which is consistent with the simulation result.
V. CONCLUSIONS
A quasi-continuous second-order sliding mode control method, which assures finite-time Lyapunov stability of the output voltage error, has been presented for Buck converters. As the quasi-continuous second-order sliding mode controller is continuous everywhere except for the origin, it can practically reduces the chattering problem existing in the tradition sliding mode control. Numerical simulations and experimental results show the effectiveness of the proposed method. 
